In this paper, by using the Guo-Krasnoselskii theorem, we investigate the existence and nonexistence of positive solutions of a system of integral equation with parameters which can be seen as an effective generalization of various types of systems of boundary value problems for differential equation on continuous interval and time scales or fractional differential equations. We give a general approach of positive solutions to cover various systems of boundary value problems in a unified way, which avoids treating these problems on a case-by-case basis. Under some growth conditions imposed on the nonlinear term, we obtain explicit ranges of values of parameters with which the problem has a positive solution and has no positive solution, respectively. By giving some examples, we will show how our results may be applied to consider existence of positive solutions to a variety of system of boundary value problems of differential equations, differential equations on time scales or fractional differential equations.
Introduction
We consider the existence of eigenvalues yielding positive solutions to the system of integral equations Here we denote γ = min{γ  , γ  , γ  }. Systems of differential equations or integral equations containing three equations have gained considerable popularity and importance due mainly to their demonstrated applications in widespread fields of science and technology. For example, to describe the development of an infectious disease, compartmental models have been given to separate a population into various classes based on the stages of inflection [] . The classical SIR model is described by partitioning the population into susceptible, infectious, and recovered individuals, denoted by S, I, R, respectively. Assume that the disease incubation period is negligible so that each susceptible individual becomes infectious and later recovers with a permanently or temporarily acquired immunity, then the SIR model is governed by the following system of differential equations:
, s)f (s, u(s), v(s), w(s)) ds, ≤ t ≤ , v(t) = μ   k  (t, s)g(s, u(s), v(s), w(s)) ds, ≤ t ≤ , w(t) = ζ
⎧ ⎪ ⎨ ⎪ ⎩ dS dt
= -βS(t)I(t) -μ  S(t) + b, dI dt = βS(t)I(t) -μ  I(t) -αI(t), dR dt = αI(t) -μ  R(t),
where the total population size has been normalized to one and the influx of the susceptible comes from a constant recruitment rate b. The death rates for the S, I, R classes are given by μ  , μ  , μ  , respectively.
It is well known that the predator-prey model, which was proposed by Volterra in , is one of the basic and important models for the interacting species in both ecology and mathematical ecology due to the fact that the predator-prey interaction is the fundamental structure in population dynamic. Since then, various types of predator-prey models described by differential systems have been proposed and the dynamics of these systems has been considered. For example, Song and Chen [] proposed the following predator-prey system with stage structure:
where u  (t), u  (t) represent the densities of immature and mature population of the prey species, respectively, v(t) represent the density of the predator. Positive solutions of a n-dimensional differential equation system or fractional differential equation system with some boundary conditions have received wide attention due to its distinguished applications in engineering, science, mathematical biology and other fields. A considerable number of these problems can be formulated as integral equation or integral equation system usually by finding the corresponding Green's function of these problems. Thus the integral equation system can be seen naturally as an effective generalization of these types of boundary value problems. The advantage of studying the integral equation system is that we can avoid considering various boundary value problems of differential equations ad hoc.
The aim of this paper is to give a general approach of positive solutions to cover various systems of boundary value problems for differential equation on continuous interval and time scales or fractional differential equations in a unified way, which avoids treating these problems on a case-by-case basis. We consider the existence and nonexistence of positive solutions of integral equation system (P λ,μ,ζ ) under the conditions (H)-(H) and so the results obtained in this paper may include some known results as a special cases and can be applied to unconsidered boundary value problems which can be formulated as a system of integral equations like (P λ,μ,ζ 
Existence results of positive solutions
In this section we shall consider sufficient conditions on λ, μ, ζ , f , g, and h such that a positive solution with respect to a cone for the problem (P λ,μ,ζ ) exists. Let the Banach space X = {u ∈ C[, ]} be endowed with the norm
and the Banach space Y = X × X × X with the norm
We define the cone P ⊂ Y by
and
It is obvious that the fixed points of the operator T are the positive solutions of the problem (P λ,μ,ζ ).
Lemma . T : P → P is completely continuous.
Proof The operator T : P → Y is nonnegative and equicontinuous in view of the nonnegativeness and continuity of functions
Then for (u, v, w) ∈ , we have
Hence T( ) is bounded. By means of the Arzela-Ascoli theorem, we see that T is completely continuous. Furthermore, considering
Thus, we show that T : P → P is a completely continuous operator.
Here we introduce the following extreme limits:
Denote the positive constants
, and ε be a positive number such that
.
By condition (H), there exists
We define the set
On the other side, by condition (H) and the definition of
We consider R  = max{R  , R  /γ }, and we define the set
By using Lemma ., T has a fixed point (u, v, w) ∈ P ∩ (  \  ).
By a similar analysis, we can consider the case that the above limits reach  or ∞. We give the main results here and the proofs are omitted.
s)g s, u(s), v(s), w(s) ds
≥ μ η ξ k  (t,
≥ μ η ξ k  (t, s) g i  -ε u(s) + v(s) + w(s) ds ≥ μγ η ξ k  (t, s) g i  -ε (u, v, w) Y ds ≥ μγB g i  -ε (u, v, w) Y ≥ a (u, v, w) Y , T  (u, v, w)(t) = ζ   k  (t, s)h s, u(s), v(s) ds ≥ ζ η ξ k  (t
, s)h s, u(s), v(s), w(s) ds
On the other side, we define the functions f
The functions f 
Thus
, s)f s, u(s), v(s), w(s) ds
≤ λ   k  (t, s)f * t, (u, v, w) Y ds ≤ λ   k  (t, s) f s ∞ + ε (u, v, w) Y ds ≤ λA f s ∞ + ε (u, v, w) Y ≤ c (u, v, w) Y , T  (u, v, w)(t) = μ   k  (t,
s)g s, u(s), v(s), w(s) ds
≤ μ   k  (t, s)g * t, (u, v, w) Y ds ≤ μ   k  (t, s) g s ∞ + ε (u, v, w) Y ds ≤ μB g s ∞ + ε (u, v, w) Y ≤ d (u, v, w) Y , T  (u, v, w)(t) = ζ   k  (t
, s)h s, u(s), v(s), w(s) ds
By using Lemma ., T has a fixed point (u, v, w) ∈ P ∩ (  \  ).
We can also consider the case that the above limits reach  or ∞.
Theorem . Assume that (H)-(H) hold. If f s
∞ = ,f i  , g i  , h i  , g s ∞ , h s ∞ ∈ (, ∞), a ∈ [, ], b ∈ (, ), c ∈ [, ], d ∈ (, ), L  < L  , and L  < L  , then for λ ∈ (L  , ∞), μ ∈ (L  , L  ), ζ ∈ (L  , L  ), the problem (P λ,μ,ζ ) has at least one positive solution (u(t), v(t), w(t)), t ∈ [, ].
Theorem . Assume that (H)-(H) hold. If g s
∞ = ,f i  , g i  , h i  , f s ∞ , h s ∞ ∈ (, ∞), a ∈ [, ], b ∈ (, ), c ∈ [, ], d ∈ (, ), L  < L  , and L  < L  , then for λ ∈ (L  , L  ), μ ∈ (L  , ∞), ζ ∈ (L  , L  ), the problem (P λ,μ,ζ ) has at least one positive solution (u(t), v(t), w(t)), t ∈ [, ].
Theorem . Assume that (H)-(H) hold. If h s
∞ = ,f i  , g i  , h i  , g s ∞ , f s ∞ ∈ (, ∞), a ∈ [, ], b ∈ (, ), c ∈ [, ], d ∈ (, ), L  < L  , and L  < L  , then for λ ∈ (L  , L  ), μ ∈ (L  , L  ), ζ ∈ (L  , ∞), the problem (P λ,
μ,ζ ) has at least one positive solution (u(t), v(t), w(t)), t ∈ [, ].

Theorem . Assume that (H)-(H) hold. If f s
∞ = g s ∞ = , f i  , g i  , h i  , h s ∞ ∈ (, ∞), a ∈ [, ], b ∈ (, ), c ∈ [, ], d ∈ (, ), and L  < L  , then for λ ∈ (L  , ∞), μ ∈ (L  , ∞), ζ ∈ (L  , L  ), the problem (P λ,μ,ζ ) has at least one positive solution (u(t), v(t), w(t)), t ∈ [, ].
Theorem . Assume that (H)-(H) hold. If f s
∞ = h s ∞ = , f i  , g i  , h i  , g s ∞ ∈ (, ∞), a ∈ [, ], b ∈ (, ), c ∈ [, ], d ∈ (, ), and L  < L  , then for λ ∈ (L  , ∞), μ ∈ (L  , L  ), ζ ∈ (L  , ∞), the problem (P λ,μ,ζ ) has at least one positive solution (u(t), v(t), w(t)), t ∈ [, ].
Theorem . Assume that (H)-(H) hold. If h s
∞ = g s ∞ = , f i  , g i  , h i  , f s ∞ ∈ (, ∞), a ∈ [, ], b ∈ (, ), c ∈ [, ], d ∈ (, ), and L  < L  , then for λ ∈ (L  , L  ), μ ∈ (L  , ∞), ζ ∈ (L  , ∞), the problem (P λ,μ,ζ ) has at least one positive solution (u(t), v(t), w(t)), t ∈ [, ].
Theorem . Assume that (H)-(H) hold. If f s
∞ = g s ∞ = h s ∞ = , f i  , g i  , h i  ∈ (, ∞), a ∈ [, ], b ∈ (, ), c ∈ [, ], d ∈ (, ), then for λ ∈ (L  , ∞), μ ∈ (L  , ∞), ζ ∈ (L  , ∞), the prob- lem (P λ,μ,ζ ) has at least one positive solution (u(t), v(t), w(t)), t ∈ [, ].
Theorem . Assume that (H)-(H) hold. If f
i  = ∞, g i  , h i  , f s ∞ , g s ∞ , h s ∞ ∈ (, ∞), a ∈ [, ], b ∈ (, ), c ∈ [, ], d ∈ (, ), L  < L  , and L  < L  , then for λ ∈ (, L  ), μ ∈ (L  , L  ), ζ ∈ (L  , L  ), the problem (P λ,
μ,ζ ) has at least one positive solution (u(t), v(t), w(t)), t ∈ [, ].
Theorem . Assume that (H)-(H) hold. If g
i  = ∞, f i  , h i  , f s ∞ , g s ∞ , h s ∞ ∈ (, ∞), a ∈ [, ], b ∈ (, ), c ∈ [, ], d ∈ (, ), L  < L  , and L  < L  , then for λ ∈ (L  , L  ), μ ∈ (, L  ), ζ ∈ (L  , L  ), the problem (P λ,μ,
ζ ) has at least one positive solution (u(t), v(t), w(t)), t ∈ [, ].
Theorem . Assume that (H)-(H) hold. If h
The proof is similar to Theorem ., we omit it here.
Nonexistence results of positive solutions
In this section we shall consider sufficient conditions on λ, μ, ζ , f , g, and h such that the problem (P λ,μ,ζ ) has no positive solution.
Theorem . Assume that (H)-(H
Define the positive constants
, suppose that the problem (P λ,μ,ζ ) has a positive solution (u(t), v(t)), t ∈ [, ]. Thus,
which is a contradiction. So the boundary value problem (P λ,μ,ζ ) has no positive solution. 
Define thepositive constants
Let λ ∈ (λ  , ∞), μ > , ζ > , we suppose that the problem (P λ,μ,ζ ) has a positive solution (u(t), v(t), w(t)), t ∈ [, ]. Then for t ∈ [, ], we have
Thus,
Define the positive constants 
which is a contradiction. So the boundary value problem (P λ,μ,ζ ) has no positive solution.
Examples
In this section we show how our results may be applied to consider the existence and nonexistence of positive solutions for a system of boundary value problems for differential equations of integral or fractional order. The study of these problems was mainly initiated by Il'in and Moiseev [, ]. Since then positive solutions of boundary value problems have been extensively studied by many researchers in recent years, not only because of their mathematical interest but also because of their wide use in a variety of applications.
Application to system of boundary value problems of ordinary differential equations
Consider the system of nonlinear second order differential equation (the problem (P)) 
⎧ ⎪ ⎨ ⎪ ⎩ u (t) + λf (t, u(t), v(t), w(t)) = , t ∈ [, ], v (t) + μg(t, u(t), v(t), w(t)) = , t ∈ [, ], w (t) + ζ h(t, u(t), v(t), w(t))
Application to system of boundary value problems of differential equations on time scales
